ARITHMETIC HEIGHT FUNCTIONS 
OVER FINITELY GENERATED FIELDS 



ATSUSHI MORIWAKI 

ABSTRACT. In this paper, we propose a new height function for a variety defined over a finitely 
generated field over Q. For this height function, we will prove Northcott's theorem and Bogomolov's 
conjecture, so that we can recover the original Raynaud's theorem (Manin-Mumford's conjecture). 
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Introduction 

Let K be a finitely generated field over Q, and d the transcendence degree of K over Q. If 
d = 1, then there is a smooth projective curve C over a number field such that the function field 
of C is K. Using non-archimedean valuations arising from points of C, we can define a geometric 
height function 

h geam . p n^ _^ ^ 

It is well know that this height function can be given in terms of the usual intersection theory, so 
that it is rather easy to handle it. However, in contract with height functions over number fields, it 
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does not reflect the exact state of points on F n (K). For example, Northcott's theorem does not hold 
for the geometric height function in general. A reason for this, we can consider, is that h 9eom does 
not take care of data coming from the constant field. In this paper, we would like to propose a new 
kind of height functions for finitely generated fields over Q, and unify them with the geometric 
height functions. 

A key idea to get a new height function is to fix a polarization B = (B; Hi, . . . , H d ) of K, 
namely, a collection of a normal projective arithmetic variety B whose function field is K, and nef 
C^-hermitian line bundles Hi, . . . , H d on B. Here a C°°-hermitian line bundle H is said to be 
nef if ci(H) is semipositive, and deg (-H"| r ) > for any one-dimensional integral subschemes Y 
of B. Once we fix the polarization B of K, then we can define a height function 

/if : F n (K) -> R 

associated with B to be 

/if (0o, • • • ,0n) = ^max{-ord r (0i)}deg (ci (#i| r ) • • -ci (H d \ T )) 



[ log fmax{|0i|}) ci(.Hi) A • • • A c x {H d ), 

Jb(C) v 1 J 



<B(C) 

where T runs over all prime divisors on B. Moreover, we can easily see that /if extends to 

h B . pn^ ^ R> 

For example, if d — 1 and i/x is given by the infinite fibers of B, then /i B is nothing more than 
fogeom U p j. Q multiplication of a positive constant. Moreover, note that if d = 0, then h B is the 
usual height function over a number field. 

Further, we can give these height functions in terms of Arakelov intersection theory. Let X be 
a projective variety over K, and L a line bundle on X. Let us take a model (X, C) of (X, L), 
namely, X is a projective arithmetic variety over £> and £ is a hermitian line bundle on X with 
Xk = X and £^ = L. For a point P 6 X(i^), we denote by Ap the closure of the image of 

Spec(X) — > X ^ X. Then, we define 



hf x - c) : X(AT) 



to be 



where / : — > _B is the canonical morphism. We can see that h? x £ x modulo the set of bounded 
functions on X(K) does not depend on the choice of the model (X, C) of (X, L) (cf. Corol- 



lary [3.3.5D , so that we may denote hf T . by /if. 



Since our height functions include the geometric height functions, Northcott's theorem does not 
hold in general. However, if the polarization B is big, we can expect a certain kind of affirmative 
answers. For this reason, we introduce the following notation. If (H^q's are big on Bq and there 
are positive numbers m, . . . ,n d such that H°(B, Hf ni ) has a strictly small section for each i, then 
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hf is called an arithmetic height function and is denoted by hf lth for simplicity. Then, we have 
the following Northcott's theorem for the arithmetic height function. 



Theorem A (cf . Theorem (4.3| ). If L is ample, then, for any numbers M and any positive integers 
e, the set 

{P e X(K) | hT th {P) < M, [K(P) : K] < e} 

is finite. 

Now let A be an abelian variety over K, and L a symmetric ample line bundle on A. Then, in 
the same way as the usual height theory, we can assign the canonical height (Neron-Tate height) 
larith tQ ^ L y Then; hf^ix) > for all x e A(K), and hf ith (x) = if and only if x is a 
torsion point as a corollary of Theorem [A| (cf. Proposition |3.4.1| ). Moreover, in terms of h°[ lih , 



we have the following solution of Bogomolov's conjecture over K, which is a generalization of 
results due to Ullmo [ JT~3| ] and Zhang [JT3p . 



Theorem B (cf. Theorem |8.1|). Let X be a subvariety of A-^-. If the set 

{P e X(K) | hl rith (P) < e} 

is Zariski dense in X for any positive numbers e, then X is a translation of an abelian subvariety 
ofA-j^ by a torsion point. 

As corollary, we can recover the original Raynaud's theorem ([|8[] and [§]) conjectured by Manin 
and Mumford. 

Corollary C (cf. Corollary |8.2[ ). Let A be an abelian variety over the complex number field C, 
and Z a reduced subscheme of A. Then, every irreducible component of the Zariski closure of 
Z(C)nA(C) tor in A is a translation of an abelian subvariety of A by a torsion point. Consequently, 
there are finitely many abelian subvarieties Bi, ... , B n of A and torsion points bi, . . . ,b n of A{£) 
such that 

n n 

Z{C)nA(C) tor = \J(Bi(C) + bi) and Z(C) D A(C) tor = Q(^(C)tor + 

i=l i=l 

Finally, we would like to express gratitude to Dr. Kawaguchi, Prof. Poonen, Prof. Szpiro, Prof. 
Ullmo, and Prof. Zhang for their helpful conversations. The author also thanks Prof. Silverman 
for his nice comments. 



1. ARAKELOV INTERSECTION THEORY 

In this paper, an arithmetic variety means a flat and quasi-projective integral scheme over Z. 
Moreover, we say an arithmetic variety is generically smooth if it is smooth over Q. For basic 
materials of Arakelov intersection theory, we refer to []2|] and JTT|]. 

Let X be a generically smooth arithmetic variety. According to [Q], a pair (Z,g) is called an 
arithmetic cycle of codimension p (resp. arithmetic D -cycle of codimension p) if Z is a cycle of 
codimension p on X, and g is a Green current for Z(C) (resp. g is a current of type (p — 1, p — 1) 
on X(C)). The set of all arithmetic cycles (resp. D-cycles) of codimension p is denoted by Z P (X) 
(resp. Z P D (X)). Let R P (X) be the subgroup of Z P (X) generated by the following elements: 
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(i) ((/), — [log |/| 2 ]), where / is a rational function on some subvariety Y of codimension p — 1 
and [log |/| 2 ] is the current defined by 

[log|/| 2 ](7)= / (log|/| 2 )7- 

(ii) (0, d(a) + 8(f3)), where a and (3 are currents of type (p — 2,p — 1) and (p — l,p — 2) 
respectively. 

Here we define 

Ctf(X) = Z P (X)/£ P (X), and CH^(X) = Z£(X)/E P (X). 
Let L = (L, || • ||) be a C°°-hermitian line bundle on X. We define a homomorphism 

(i.i) ai(l)- :Ch;(x)-^ch; +1 (x) 

in the following way. Let (Z, (?) be an element of Z P D (X). We assume that Z is integral. Then, 
taking a rational section s of L| z , we consider an arithmetic D-cycle 

(div( S ),[-log(||s|||)]+ Cl (L)A#), 

where [— log (||s|||)] is a current given by i— > — log (||s|||) 0. The class of the above cycle 

in CH D (X) does not depend on the choice of the rational section s. Thus, by linearity, we have 
a homomorphism 

c 1 (L). : Z p D (X) - CH P D +1 (X). 

On the other hand, it is well known that ci(L) • R P (X) C i? p+1 (X). Thus, we obtain our desired 
homomorphism (pTTj). 

Now let M = (M, || • || ) be a continuous hermitian line bundle on X, namely, || • || is a continuous 

metric. Then, ci(M) is defined by the class of (div(s), — log ||s|| 2 ) in CH D (X), where s is a non- 
zero rational section of M. This is actually well defined because the class does not depend on 
the choice of the rational section s. Then, using the scalar product (JTTTJ), for C°°-hermitian line 
bundles Li, . . . , Ld on X, we can define 

ci(L x ) ■ ■ -ci(L d ) ■ ci(M) e CH^ +1 (X), 
where d = dimX^. In particular, if X is projective, then we get the intersection number 

deg (ci(^i) • • -ci(L d ) ■ ci(M)) , 

— . — - d+i 
where deg : CH D (X) — > K is given by 

V P J p 1 Jx(.c) 

Next, let us consider the push-forward of cycles. Let / : X — > Y be a projective morphism of 
generically smooth arithmetic varieties. Then, /* : Z V D {X) — > z I £ rAimY ~ dimX (Y) is defined by 
f*(Z,g) = (f*(Z),f*(g)). This induces 

- — - p - — - p+dim Y— dim X 

U ■ ce d (x) -> ch d (y). 
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Then, we have the following projection formula (cf. [[![, Proposition 2.4.1]). 

Proposition 1.2. Let Lbe a C°° -hermitian line bundle on Y, and z an element ofGH. D (X). Then, 

Uc 1 {r(L))-z) = c l (L)-Uz). 

Proof. For reader's convenience, we give the proof of it. Let (Z, g) be a representative of z, and 
|| • || the metric of L. Clearly, we may assume that Z is reduced and irreducible. We set T = f(Z) 
and 7r = f\ z : Z — > T. Let s be a non-zero rational section of L\ T . Then, 7r*(s) gives rise to a 
non-zero rational section of f*(L)\ z = n* (L\ T ). Thus, ci(/*(L)) • z can be represented by 

(div(7T*(s)), [-log** (\\s\\ 2 T )] + Cl (r(L))Ag). 

If we set 

'o ifdimT<dimZ 
deg(Z — > T) ifdimT = dimZ, 



deg(7r 
then 



/ -log7r*(|| S |||)r^)= / 7r*(-log(|| S ||^) 

JZ(C) JZ(C) 

= deg(7r) f -\og(\\s\\ 2 T )ij 
Jt(C) 

for a compactly supported C°°-form if) on Y(C). Thus, we have 

/. [-logTT* = deg(7T) [-log(|M&)]. 

Therefore, 

/*(ci (/*(!)) • *) = (deg(vr) div(s), deg(7r) [- log (|| S |||)] + Cl (L, ft) A /*(<?)) 
= c 1 (L) ■ (deg(Tr)T, f,{g)) = c 1 (L) ■ f,(z). 
Hence, we get our proposition. □ 

Finally, let us consider intersections on a general projective arithmetic variety. Let T be a 
reduced complex space, and L — (L, ||- 1|) a continuous hermitian line bundle on T. According to 
[Jl4t], we say L is C°° if, for any analytic morphisms h : M — > T from any complex manifolds M 
to T, h*(L) is a C°°-hermitian line bundle on M. In the same way, we can define C°°-functions 
on T. From now on, we assume that L is C°°. Then, ci(L) is a C7°°-form on T re£; , where T reg is the 
smooth locus of T. We say ci(L) is semipositive if, for any analytic morphisms h : M —> T from 
any complex manifolds M to T, c\(h*(L)) is a semipositive form on M. Moreover, we say C\(L) 
is positive if, for any real valued C°° -functions / on T with compact support, there is a positive 
real number Ao such that c\(L) + Xdd c (f) is semipositive for all A with |A| < Ao- Note that dd c (f) 
is the Chern form of (Or, exp(— /)| • |). It is easy to see that the above positivity of Chern forms 
coincides with the usual positivity of them if T is non-singular. 

Let X be a projective arithmetic variety of d = dim Xq. Let [i : X' — > X be a generic resolution 
of singularities of X, namely, fi : X' — > X is a birational morphism of projective arithmetic 
varieties such that X' is generically smooth. Note that a generic resolution of singularities exists 
for any arithmetic varieties by using Hironaka's resolution of singularities [JSp. Let L 1; • • • , L d be 
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C°°-hermitian line bundles on X, and M a continuous hermitian line bundle on X. Then, the 
intersection number deg (ci(p,*L{) ■ • ■ ci(/j,*Ld) ■ ci(/i*M)) does not depend on the choice of the 
generic resolution of singularities /i : X' — » X by virtue of Proposition [L2| , so that we define 

d^(c 1 (L 1 )---ci(L d )-ci(M)) 

by deg (ci(//*Li) • • • ci(fi*L d ) ■ ci(fi*M)). Then, we have the following proposition. 

Proposition 1.3. Let f : X —> Y be a morphism of projective arithmetic varieties with d = 
dim Xq and n = dim Yq 

(1) Let L\, . . . ,L r be C°° -hermitian line bundles on X, and Mi, . . . , M s C°° -hermitian line 
bundles on Y . We assume that r + s = d + 1. Then, 

dei (c^IO ■ ■ -ci(L r ) ■ cxifMx) ■ ■ -^(f M s )) 

ifs > n + 1 

deg((L 1 )^ • • ■ (L r )„)deg (ci(Mi) ■ • ■ ci(M s )) */s = n + 1, 

where the f] means the restriction to the generic fiber off. 

(2) We assume that f is generically finite. Let L\, . . . ,L n be C°° -hermitian line bundles on Y, 
and M a continuous hermitian line bundle on Y. Then, 

dei {MfLi) ■ ■ MfLn) ■ ci(/*M)) = deg(/)dei (c^) • • -c^) ■ cx(M)) . 

Proof. Let us consider the following commutative diagram: 

X ^— X' 



f 



r 



Y ^— Y' 

where fi : X' — > X and v : Y' — > Y are generic resolutions of singularities of X and Y respec- 
tively. Then, our assertions are consequences of Proposition |L2~[ □ 

2. Arithmetically positive hermitian line bundles 

Let B be a projective arithmetic variety with d = dim£?Q, and H a C°°-hermitian line bundle 
on B. From now on, we introduce several kinds of positivity of H. First of all, we say H is ample 
if H is ample, c\(H) is semipositive on £>(C), and, for a sufficiently large n, H°(B,H m ) is 
generated by {s e H Q (B, H® n ) \ ||s|| sup < 1}. H is said to be vertically nef if H is relatively nef 
with respect to B — > Spec(Z), and C\(H) is semipositive on £>(C). We say iJ is horizontally nef 
if, for all one-dimensional integral closed subschemes Y flat over Z, deg (-^| r ) > 0. Moreover, 
if H is vertically nef and horizontally nef, then we say H is nef. Further, H is said to be big if 
ikH°(B, H® m ) = 0(m d ), and there is a non-zero section s of if°(.B,i/® n ) with ||s|| sup < 1 
for some positive integer n. It is easy to see that if H is ample, then H is nef and big. The 
following theorem due to Faltings, Gillet-Soule and Zhang is a very useful criterion for the bigness 
of C°°-hermitian line bundles (cf. [[R|, Theorem 1.4]). 

Theorem 2.1. Let B be a projective arithmetic variety with d = dimBq, and L a C°° -hermitian 
line bundle on B. If L is vertically nef, Lq is ample on Bq, and deg (ci(L) d+1 ) > 0, then L is big. 
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Moreover, we have the following. 

Proposition 2.2. Let B be a projective arithmetic variety with d = dim Bq, and L a C 00 -hermitian 
line bundle on B. Then, the following are equivalent. 

(1) L is big. 

(2) For any C°° -hermitian line bundles M on B, there are a positive integer n and a non-zero 
section s ofH°(B, L® n <g> M) with \\s\\ sup < 1. 

Proof. First, we assume (1). Then, there is a non-zero section si of H°(B, L® ni ) with || s± || sup < 
1 for some n 1 . Moreover, since rkH°(B, L® m ) = 0(m d ), we can find a non-zero section s 2 of 
H°(B, L® n2 ® M). Let n 3 be a sufficiently large integer with 

(|| sup)™ 3 || S 2 ||sup < 1- 

Then, sf™ 3 <g> s 2 E H°(B, L® nsni+n2 ® M), and 

iisf n3 ® S2 |isup<(iisiiisu P r imLp<i. 

Thus, we get (2). 

Next, we assume (2). It is sufficient to show that rk H°(B, L® m ) = 0(m d ). Let A be an ample 
C°°-hermitian line bundle on B. Then, there are a positive integer ri\ and a non-zero section s 
of H°(B, L® ni <g> A " 1 ). Thus, we have an injection A -> L ™ 1 . Therefore, ikH°(B,L® m ) = 
0(m d ). □ 

Let Piccoo(-B) (resp. Pic C 'o(y3))be the isomorphic classes of C°°-hermitian (resp. continuous 
hermitian) line bundles on B. An element of Piccoo (73) tg> Q (resp. Picc-o (B) ® Q) is called a C7 00 - 
hermitian (resp. continuous hermitian) Q-line bundle on B. For simplicity, the group structure of 
Picc°° (B) ® Q (or Pic c o (B) Q) is often written additively. Note that the previous definitions of 
'ample', 'vertically nef, 'horizontally nef , 'nef and 'big' work for C°° -hermitian Q-line bundles 
on B. Let L be a continuous hermitian Q-line bundle. We say L is effective if L 6 Pic c o(73) and 
H°(B, L) contains a non-zero section s with ||s|| sup < 1. Moreover, L is said to be Q-effective if 
nL is effective for some positive integer n. 

Proposition 2.3. Let B be a projective arithmetic variety with d = dim Bq. Then, we have the 
following. 

(1) If Li, . . . , Ld+i are nef C°° -hermitian Q-line bundles, then 

tei(c 1 (L 1 )---c 1 (L d+1 )) > 0. 

(2) If Li, . . . ,Ld are nef C°° -hermitian Q-line bundles and M is a Q-effective continuous her- 
mitian Q-line bundle, then 

dei(c 1 (I 1 )---c 1 (Z d )-c 1 (M)) >0. 

Proof. (1) It can be proved by using Nakai-Moishezon's criterion on arithmetic varieties (cf. 
[TBJ, Corollary 4.8]). Here we would like to give a more elementary proof, which is a simpler case 
of Theorem |5TT]. Let us begin with the following lemma. 
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Lemma 2.4. Let it : B — ► Spec(Z) be a projective arithmetic variety with d = dim(I?Q), and L 
a nef C°° -hermitian Q-line bundle on B. Moreover, let Abe a vertically nef C°° -hermitian Q-line 
bundle such that Aq is ample on Bq and, for all integral subschemes T of B with vr(r) = Spec(Z), 

dii(c!(Z| r ) dim(r « )+1 ) > 0. 

Then, for all < i < d + 1, 

fegic^LY-c^A)^ 1 -*) >0. 

Proof. We prove this lemma by induction on d. If d = 0, then our assertion is obvious, so that 
we assume that d > 0. 

Case i — 0, . . . , d: Since deg (di(A) d+1 ) > 0, replacing A by A (n > 0), we may assume 
that there is a non-zero section s of H°(B, A) with ||s|| sup < 1. Let div(s) = aiTi + • • • + a e T e 
be the decomposition of div(s) as cycles. Here, aj > 0. Then, 



teg (c^LY-c^A)^ 1 ) = J2 a ^ {ML\ r .T ■ ci(A\ r ,) d - i 



logOHDc^Ac^r^. 

'B(C) 

Therefore, by Lemma [13] and the hypothesis of induction, the above is non-negative. 
Case i — d+1: Let P(t) be a polynomial given by 

P(t) =teg(c 1 (L + tA) d+1 ) . 

Here, we claim the following. 

Claim 2.4.1. Ift > Oand P(t) > 0, then P(t) > t d+1 deg (c 1 (A) d+1 ). 

By using the hypothesis of induction and the assumption P{t) > 0, we can see 

^(M(L + tA)\ r ) dim ^ +1 ) >0 

for all integral subschemes r on B with 7r(r) = Spec(Z). Thus, in the same way as above, we 
have deg (ci(L) ■c 1 (L + t~A) d ) > 0. Hence, 

P(t) = dei ((c!(L) + tc^A)) ■c 1 (L + tA) d ) 

> tdeg (cx(A) -ci(L + tZ) d ) 

>t d+1 dei(ci(A) d+1 ) 

Therefore, we get the claim. 

We set to = max{t £ E | P(t) = 0}. Here we assume that t > 0. Then, by the above claim, 
for all t > t , 

P(t) > t d+1 teg (c"i(Z) d+1 ) . 

Hence, taking t — >• t , 

= P(t )>t d+1 teg(c 1 (A) d+1 ) >0. 
This is a contradiction, namely, t < 0. Thus, -P(O) = deg (ci(L) d+1 ) > 0. □ 
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Let us go back to the proof of (1) of Proposition [23]. We prove this by induction on d. Let 
A be an ample C°°-hermitian line bundle on B. Let e is a positive rational number. Then, by 
Lemma 12.41, we can see 



d5(ci(L d+1 + eA) d+1 ) >0. 
Hence, using a small section of a positive multiple of L d+ i + eA, the hypothesis of induction and 



Lemma |23|, we can see 

dS (c!(Li) • • -ca(L d ) • (L d+1 + eA)) > 0. 

Thus, we have our assertion taking e — > 0. 

(2) This is a consequence of (1). □ 

Finally let us consider the following lemma, which was used in the proof of the previous propo- 
sition. 

Lemma 2.5. Let V be a vector space over R with a complex structure J, i.e., an endomorphism 
J : V — y V with J 2 = — idy. Let T {resp. T') be the eigenspace of J with respect to \/— T (resp. 
— \/— 1) m ^®jrC. M?to f/za? complex conjugation in VCSrC gives nse to the anti-isomorphism 
ofT and T' over C. Let us fix a basis {ei, . . . , e n } ofT over C. For a hermitian n x n-matrix 
H = (hij), we set 

w(H) = V— 1 hij(ei A 

If Hi, . . . , if n are semipositive hermitian n x n-matrices, then there is a non-negative real number 
A with 

cj(#i) A ■ ■ ■ A w(#„) = A(v /Z T)"(ei A ei) A • • • A (e n A e n ). 
Proof. First we claim the following. 
Claim 2.5.1. Let x x , . . . ,x n be elements ofT. If we set = . a^e^ and A = (ay), ?/ien 
(xi A xi) A • • • A (x n Ax n ) = \ det(A)| 2 (ei A e x ) A • • • A (e n A e n ). 

Since 



ii A • ■ ■ A x„ = det(v4)(ei A ■ ■ ■ A e„) and Xi A • • • A x n = det(A)(ei A • • • A e n ), 
we have 

(xi A • ■ ■ A x n ) A (xi A • ■ ■ A x n ) = | det(A)| 2 (ei A - • • A e„) A (e x A • • ■ A e n ), 
which shows us the claim. 

By our assumption, there are unitary matrices C/j's and non-negative real numbers A x , . . . , A^ 
(i — 1, . . . , n) such that U*HiUi = diag(A* 1; . . . , \ % n ) for all z, where A* = A 1 . Thus, if we take a 
new basis e\, . . . ,e % n according to U i9 then 



a=l 
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Thus, we obtain 

u{H x ) A • • • A u(H n ) = (>/=!)" J2 ^01 • • • A 4) A " " " A (e» A < ). 

l<ai ,a n <n 

On the other hand, by the above claim, there is a non-negative real number r ai a?i with 

K A 4) A • • • A (e" A e" ) = r ai ,.„ >an ( ei A e x ) A • • • A (e n A e n ). 



Therefore, 

u(H x ) A • • • A u;(if n ) 



( £ ■■■K n J (V 1 !)^ A gl ) A • • • A (e n A e n ). 

\l<ai,... ,a n <n / 



Hence, we get our lemma. □ 

3. Arithmetic height functions over finitely generated fields 

3.1. Polarization of finitely generated fields over Q. Let K be a finitely generated field over Q 
with tr. degq(K) = d. A normal projective arithmetic variety B is called an arithmetic model of 
K if the function field of B is isomorphic to K. A collection (B; Hi, . . . , H d ) of the arithmetic 
model B of K and nef C°°-hermitian Q-line bundles Hi, . . . , Hd on B is called a polarization 
of K. Note that if d = 0, then we do not require any kind of C°°-hermitian line bundles to fix a 
polarization of K. For short, the polarization (B; Hi, . . . , H d ) is often denoted by B. Moreover, 
the polarization B is said to be big if Hi, . . . , H d are big. If Hi = ■ ■ ■ = H d , say H, then the 
polarization B is simply called a polarization of K given by H. 

Let if' be a finite extension field of K, and /x : £>' — > £> the normalization of B'mK' . Then, we 
have a polarization (5'; //(if i), . . . , p,*(Hd)) of if'. This polarization is denoted by -Ba's and is 
called the polarization ofK' induced by B. Clearly, if B is big, then so is B K >. 

Here let us consider the existence of a special polarization. 

Proposition 3.1.1. Let K be a finitely generated field over Q with tr. deg^ K = d. Then, there are 
a finite extension field K' of K, an arithmetic model B ofK', and a nef C°° -hermitian line bundle 
H on B such that H is ample and &eg(ci(H) d+1 ) = 0. 

Proof. If d = 0, then we can take H as (Ok, \ • | C an) 5 where Ok is the ring of integers in K. 
Thus, we may assume that d > 0. 

We first need a special arithmetic surface. Let us consider the following elliptic curve due to J. 
Tate (cf. [im 5.10]): 



y 2 + xy + e 2 y = x 3 , 



where e = (5 + V29)/2 is the fundamental unit of Q(v29). Then, the discriminant of this curve 
is — e 10 . We denote Q(v / 29) by k, and the ring of integers by Ok, i.e., Ok = Z[e]. Here we set 

E = Proj (O k [X, Y, Z}/(Y 2 Z + XY Z + e 2 YZ 2 - X 3 )) 

and E d = E Xo k • • • x Gfc E. Then, since E is smooth over Ok, E d is an abelian scheme over 
Ok- For an ample line bundle L on E d , we set H = [— 1]*(L) ® L. Then, H is symmetric on 
each fiber of E d — > Spec(O fc ). Thus, [2]*(ii ) = H^ because the class group of k is trivial. 

Moreover, on each infinite fiber, we give the cubic metric of H with [2]*(H ) = Hq (cf. [0]), so 
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that Ci(H ) is positive on each infinite fiber. Thus, the height function hjj given by H is nothing 
more than the Neron-Tate height associated with (ifo)fc- Hence, we can see that H is nef and 
deg(ci(F ) d+1 ) = by virtue of [JTJ, Theorem (5.2)]. 

Let K be the function field of E d . Then, (E d , H ) is a polarization of K . Here we take a finite 
extension K' of K with K C if'. Then, the polarization of K' induced by (E d , H ) is our desired 
polarization. □ 



3.2. Naive height functions. Let K be a finitely generated field over Q with tr. degq(K) = d, 

and B = (B; H%, . . . , if^) a polarization of K. For (xo, . . . , x n ) G if n+1 \ {0}, we set 

h nv,i<( x o, ■■■ ,x n ) = J~] max{- ord r (^)}deg (ci(#i| r ) • • • Ci(iJ d | r )) 

r 1 

+ / log fmax{|xi|}) ci(Fi) A • • • A ci(^), 
Jb(C) v 4 y 

where T runs over all prime divisors on B. Note that if d = 0, then the term ci( if i| r ) ■ ■ -Ci(H d ) 
is [r] as cycle, and c x (i/i) A • • • A c\ (H d ) is 1, so that in this case, the above naive height coincides 
with the usual naive height over a number field. 

For x G K \ {0}, 

= dej (c 1 (H 1 ) ■ ■ -c^Hd) ■ (Po) 
= V(-ord r (x))dli {ci(Hi\ r ) ■ ■ -Ci(H d \ r )) + / log(|x|)ci(5i) A ■ • ■ A Cl (H d ). 

r ./B(C) 

Thus, we can see that 

h-nv,K( aX 0i • • • > ax n) = h nv K {xQ^ . . . , X n ) 

for all (z , • • • , x n ) G K n+1 \ {0} and all a E K \ {0}. Hence, we have a function 

Let be a finite extension field of K, and £>' the polarization of K' induced by B. Then, for 

(x , • • • , £„,) G K n+1 \ {0}, it is easy to see that 

hnv,K'( X 0i ■ ■ ■ i X n) = [K' K]h^ vK {xQ, . . . ,X n ). 

(Of course, this can be checked directly. In the next subsection, we give an alternative definition 
of h% v K in terms of Arakelov intersection theory, which also shows the above formula by virtue 

of the projection formula.) Thus, a family j [K' : K]~ 1 hf w K , j of functions gives rise to a naive 
height function 

associated with B. 
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3.3. Height functions in terms of Arakelov intersection theory. Let K be a finitely generated 
field over Q with tr. deg^{K) = d, and B = (B; Hi, . . . , Hd) a polarization of K. Let X be a 
projective variety over K, and L a line bundle on X. Let / : X — > B be a projective morphism 
of arithmetic varieties, and C a continuous hermitian Q-line bundle on X such that X K = X and 
Ck = L. We say a pair (X, £) is called a model of (X, L) over B. Moreover, if £ is a C°°- 
hermitian Q-line bundle, then the pair (X, C) is called a C°° -model of (X, L). For P G X(K), we 

denote by Ap the Zariski closure of Image(Spec(X) — > X) in X. Then, we define the height of 
P with respect to (X, C) and B to be 

where if d = 0, then the term ci(/*i?]L ) • • • Cx(/*i^d| A ) should be [Ap] as cycles. Let us 
begin with the following proposition. 

Proposition 3.3.1. Let K' be a finite extension field of K, and let n : B' — > B be a morphism of 
projective normal arithmetic varieties such that the function field of B' is K' . Let X' be the main 
component ofXx B B'. We set the induced morphism as follows: 

X X' 

f r 

B ^— B'. 
Then h ( B '^(Hx),-^(H) d )) _ r K , . K]h (BMi,-,H d ) 

Proof. Pick up P E X(K). Let Ap (resp. A' p ) be the closure in X (resp. X'). Then, by the 
projection formula (cf. (2) of Proposition [O), 



(B , , <7I))) deg(c 1 (7r'*r^i| A 0---ci(7r'7*^| A 0-ci(7r'*£| A; 

l(S ;tt {Hi),..., it (H) d )), _ \ lfl p IZA P [£X P 



(*>'*(£)) deg(A'p -> B' 

deg(A'p -> Ap 



deg(A' P -> B 



^deg (c^rBil^) • • -^{rH d \ Ap ) ■ cx(£| 



□ 



Let Pg be the n-dimensional projective space over C, and 0(1) the tautological line bundle on 
Pg. We fix a homogeneous coordinate (X , . . . , X n ) of Pg, i.e., a basis of B°(P£, 0(1)). For a 
real number I > 1, we define the metric || • ||; of 0(1) to be 



Xj 2 



1**1 



(ix r + --- + ix„io 1/r 

|| ■ 1 1 -2 is called the Fubini-Study metric and is denoted by || ■ \\ FS . Moreover, the metric || ■ is 
defined by 

X,- L 





X 




max{ X 


1 j • • ■ ) 


x n 


} 
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Note that limj_>oo || ■ ||; = || • |U- 

Let us consider Pp and the natural projection p : F B — > Pg. By abuse of notation, p*(0(l), 
is denoted by (0(1), \\ ■ for 1 < / < oo. Then, we have the following proposition. 

Proposition 3.3.2. Let h^ v be the naive height on F n (K) defined in the previous subsection [3^2| 
Then, h% v coincides with ' l ^~,(o(i),||.|| 00 ))- 

Proof. By virtue of Proposition |3.3.1| (actually in the same way as the proof of it), it is sufficient 
to show the following claim. 

Claim 3.3.2.1. hf n>{0{1)Moo)) (P) = h* v (P) for all P e X(K). 

We first fix a basis {X , . . . , X n } of H°(F%, 0(1)). Let Ap be the section corresponding with 
P, and sp : B — > Ap <^-> Pp the canonical morphism. For simplicity, we assume that s* P (X ) ^ 0. 
If we set a; = sp(Xi) / s* P (X ) for i — 0, . . . , n, then <ii E K and h^ v (P) = h^ v (a , ai, . . . , a n ). 
Since div(s P (X )) = £ r ord r (sp(X ))r, 

feg (c 1 (H) d ■ c 1 (s P (0(l), || • |U))) = ^ord r ( Sp (X ))dii (£i(#i| r ) • • -ci(F d | r )) 

r 

+ / (-logSp(\\X \\ oo ))c 1 (H 1 )A---Ac 1 (H d ) 
Jb(c) 

By the definition of || • Hoc, we can see that — logsp(||X ||oo) — log (max,{|aj|}). On the other 
hand, since s* P (Xi)'s generate s* p (0(l)), we have 

ord r (sp(X )) = length r ' s * p ^°^\ 



s* P (Xo) J 

ObsUXq) + ■■■ + B s P {X n ) 

s P {X Q ) 
Opcto H h B a r 



length r 

length r 
= max{— ordr(aj)}. 

i 

Thus, we get our claim. 

Note that combining the above claim with Proposition |3.3.1| , we can see that h^ v K = [K' : 
K , as we remarked in the previous subsection [3~72[ □ 

Next let us consider the following proposition. 

Proposition 3.3.3. If we denote Supp (Coker(if°(X, L) ® O x — * L)) by Bs(L), then there is a 
constant C with hF Z (P) > C for all P £ (X \ Bs{L)){K). 

Proof. Let A be an ample line bundle on B such that /* (£) ® A is generated by global sections, 
i.e., 



H°(B, /„(£) ® A) ®O b /*(£) <8> A 
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is surjective. Hence, H°(X, £ ® ®O x ^ /*(/*(£)) ® is surjective. Therefore, if 

we set 

Z = Supp (Coker^V, £ ® f*(A)) ®O x ^£® f*(A))) , 
then Z K = Bs(L). 

Let {si, ... , s;} be a free basis of H°(X, £ ® f*{A)) as Z-modules. Let us choose a metric of 
A such that ||sj|| sup < 1 for all i. Pick up an arbitrary P G (X \ ~Bs(L))(K). Then, there is an S{ 
with Si(P) 7^ 0, which shows us that £ ® f*A\ Ap is effective. Thus, by (2) of Proposition |2~3|, 

teg (^(r^i| Ap ) ■ • MrH d \ Ap ) ■ ® f*A\ Ap )) > o. 

Hence, by virtue of the projection formula ((2) of Proposition |L3| ), we have 

^ (^(r^iLj ■ ■ -MtH d \ Ap ) ■ c 1 (x\ Ap )) 

+ deg(A P - B)d5(ciCffi) • ■ • c x {H d ) ■ Cx(Z)) > 0. 

Therefore, 

hf xrc) {P) > -teiiMHi) ■ ■■c 1 {H d ) ■ c l (A)). 

□ 

Corollary 3.3.4. If £ K = Ox, then there is a constant C with \h^ x -^AP)\ < C for all P G X{K). 



Proof. Apply Proposition |3.3.3| to £ and £ . □ 

Corollary 3.3.5. Let (X, £) and (X', £ ) be two models of(X, L). Then, there is a constant C > 
with 

for all P G X(K). 

Proof. Let us consider the graph X" of the birational map X — » X' . Let fx : A?" — > A" and 
/i' : A"' — ► A" be the canonical morphisms. Then, by the projection formula, we can see that 

h B - - h B - nnH h B - h B 

lb (x",^(c)) u (x,c) dllu (x" ,(/j,')*(c)) \x',c'y 

On the other hand, since n*{£) coincides with (//)*(£) on the generic fiber of X" — » £?. Thus, 
by Corollary |3.3.4| , there is a constant C with 

i/)^ - -h B \ < r 

\'\X",^(C)) (X" ,{ii')*(c')) l - °- 
Therefore, we get our corollary. □ 

Definition 3.3.6. By the above corollary, the class of h? x modulo the set of all bounded func- 
tions on X(K) does not depend on the choice of the model (X, £) of (X, L) over B. This class is 
called the height associated with L and B, and is denoted by hf. By abuse of notation, we often 
view hf as a representative of hf. 
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Proposition 3.3.7. (1) IfX C P™ and L — CW (1)1 then /if = h. 



x' 



(2) For line bundles L and M on X, hf i( ^ M = /if + /iff + 0(1) and hf, 



X(K) 



L<S-i 



+ 0(1). 

:-hg+0{l). 

In particular, we 



(3) /if is bounded below on {X \ SBs(L))(K), where SBs = f] n>0 Bs ( L * 
have the following. 

(3.1) If L is ample, then /if is bounded below. 

(3.2) IfL = Ox, then /if = 0(1). _ _ _ 

(4) (Northcott's theorem for our height functions) If B = (B; Hi, . . . , Hd) is big, i.e., Hi's are 
nef and big, then, for any numbers M and any positive integers e, the set 



{P G X(K) | /if (P) < M, [K(P) : K] < e} 

is finite. 

(5) Let H 1 , . . . , H d be nef C°° -hermitian line bundles on B such that H 
for every i. IfL is ample, then h { ^ Hu -' Hd) < hf ' H '^-' H ' d) + 0(1). 

Proof. (1): This is derived from Proposition |3.3.2| and Corollary |3.3.5 . 



H { is Q-effective 



(2): This follows from the formulae: hf v -^^-n. 



h fxX) + h fxjCQ and h (x,c* 



-h B - 



(3) : Since there is a positive integer n with SBs(L) = Bs(L (X ' n ), it is a consequence of (2) and 
Proposition |3.3.3| . 

(4) : This will be proved in §|] (cf. Theorem |Q| ). 

(5) : Clearly, we may assume that L is very ample. Let <f> L : X — > be the embedding by 
L. Let X be the closure of X in Pg, and O x (l) the restriction of 0(1) on Pg. Then, O x (l) is 
/-ample, where / is the canonical morphism X — » B. Thus, there is an ample line bundle Q on B 
such that O x (l) ® f*(Q) is ample. We set £ = O x {\) <8> f*(Q). Then, C K = L. Moreover, we 
give a C°° -hermitian metric to C such that C is ample. 

Let us pick up P e X(K) and let Ap be the closure of P in X. For simplicity, we set A4 = 



B i =c 1 {rH i )\. ,mdC=ci(C)\. ,Then, 



d-i 



A d -C-Bi---B d -C = J2 A i 



Ai ■ (A i+1 — B l+ i) ■ B i+2 ■ ■ ■ B d - C. 



i=0 



On the other hand, since Ai, Bi, and C are nef, and A i+ i 
tion Ol we have 



B i+ i is Q-effective, by (2) of Proposi- 



deg^ ■■■A i - (A i+1 - B l+ i) ■ B l+2 ■■■B d -C)>0. 
Thus, we get deg(Ai • ■ • A d ■ C) > deg(Pi • ■ ■ B d ■ C), which says us that 

Hence, we obtain (5). 



□ 
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3.4. Canonical height functions on abelian varieties. Let K be a finitely generated field over 
Q, and B = (B; Hi, . . . , Hd) a polarization of K. Let A be an abelian variety over K, and L a 
line bundle on A. Then, by virtue of the cubic theorem and (3.2) of Proposition [3.3.7| , 

hf(x + y + z)- hf(x + y)- h*(y + z) - hf{z + x) + hf (x) + hj{y) + hf(z) 

is a bounded function on A(K) x A(K) x A(K). Thus, there are a unique bilinear form qf : 
A(K) x A(K) — ► K and a unique linear function /£ : A{K) — >■ M such that 

/i£(x) = g£(a;,x) + Z£(x) + 0(l) 

(cf. [j5J, Chapter 5, §1]). Actually, g£ (x, x) and If (x) are given by the following formula: 

ql {x, x) = lim 2~ 2n hf (2 n x) and lf{x) = lim 2~ n f 2^ 2n /if (2 n x) - gf (x, x)) . 

?l + ^ S denoted by /if, and is called the canonical height function of L with respect to the 
polarization B. Moreover, it is easy to see that q — if [— 1]*(L) = L®~ 1 , and / = if [— 1]*(L) = 
L. Thus, if Lis symmetric, then hf (x) = \im n ^ 00 2~ 2n hf(2 n x). Here let us consider the following 
two propositions. 

Proposition 3.4.1. Let L be a symmetric ample line bundle on A. Then, we have the following. 

(1) hf{x) > OforallxE A(K)._ 

(2) If x is a torsion point, then h^x) = 0. 

(3) We assume that B is big, i.e., Hi, . . . , H d are nef and big. Then, hfix) = if and only if x 
is a torsion point. 

Proof. (1) This is a consequence of (3.1) of Proposition p.3.7 . 



(2) We assume that a; is a torsion point. Then, there is a positive number n with nx = 0. Thus, 

= hf(nx) = n 2 hf(x). Hence hf (x) = 0. 

(3) We assume that hf(x) = 0. Let us consider the subgroup G generated by x. If x is defined 
over a finite extension field K', then every element of G is defined over K' . Moreover, the height 
of every element of G is zero. Thus, by (4) of Proposition p.3.7| , G is a finite group, namely, x is a 
torsion point. □ 

Proposition 3.4.2. Let L and M be symmetric line bundles on A. Then we have the following. 

(1) h% M = hf + hi ™d hf^ = -hj. 

(2) If L is ample, then there is a positive number a with < ahf. 

(3) Let B = (B; H x , . . . , H d ) be another polarization of K. If L is ample and B is big, then 
there is a positive number b with hf < bhf . 

Proof. (1) This is a consequence of (2) of Proposition |3.3.7| . 

(2) There is a positive integer a such that L® a ®M®~ 1 is ample. Thus, by (1) of Proposition [3 .4. \[ 

hf® a(S)M ®-i > 0. Hence, our assertion follows from (1). 

/<X>rii ®— 1 

(3) By Proposition |2.2j, there are positive integers rti, . . . ,rid such that H i ®H is effective 
for every i. Thus it follows from (5) of Proposition |3.3.7|. □ 
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3.5. Remarks. 

Remark 3.5.1. Note that in general, our height function over a finitely generated field K is not a 
height function in the sense of Lang's book [|5|]. For, the map v : K — > IR + given by 

v(x) = exp ( I logflacDdCEi) A • • ■ A c x (HM 
\Jb(c) J 

is not necessarily a valuation of K, where (73; Hi, . . . , H d ) is a polarization of K and d = 

tr. deg Q (K). 

Remark 3.5.2. After writing the first draft of this paper, Prof. Silverman kindly informed me 
the work of Altman. In [jT|], he gave the size function similar to our height functions. On an 
abelian variety A over a field K, he proved that there is a quadratic function A(K) — > K with 
size(x) < Q(x) for all x G A(K). Compared with his method, our way gives rise to the point of 
view of geometry, so that it is easy to handle it in the functorial framework. 



Remark 3.5.3. Here, we would like to point out a similarity between our height functions and the 
characteristic function in Nevanlinna theory. Let us choose / G Q(z) \ {0}. If / has no pole at 0, 
then the characteristic function Tf is given by 



7>(r) = max{-ord B (/),0}bg(r/|a;|) + / log + (|/( 



— i7)n A d6 



2tt' 



where log + (x) = log(max{x, 1}). 

On the other hand, if we fix a polarization (P|, (0(1), || ■ \\fs)) of Q(z), then the naive height of 
(/: 1) GP 1 (QW)isgivenby 

— ldz A dz 



■— - r \ — 1 

M/:l) = E max {-° rd r(/)'°} de g(( ( 1 )'l|-|l^)lr)+ / ( | / 1 ) j— 
= max{- ord r (/), 0}dei ( (O(l), || ■ || F5 ) | r ) 



+ \z 



2\2 



"OO 

+ 







2r f 2 \ x /, . /Tiros i \ ^ 



log + (|/(re^)|) 



dr. 



:i + k| 2 ) 2 ./o "° V' v - '7 27T 

4. NORTHCOTT'S THEOREM OVER FINITELY GENERATED FIELDS 



Let C[zi, . . . ,z n ] be the ring of n-variables polynomials over C. For / e C[zi, . . . , z n ], we 
denote by |/| the maximal of the absolute values of coefficients of /. Moreover, we denote by 
degj(/) the degree of / with respect to z,- t . 

Let us consider the following (1, l)-form Ui on C n for each i: 

\f—\dzi A dzi 
Ui = 2tt(1 + |^| 2 ) 2 ' 
For / G C[zi, ... , z n ], we define to be 

w(/)=exp( / log(\f(zi,...,z n )\)uJiA---Auj n 
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Then we have the following lemma. 

Lemma 4.1. For any f G C[z u . . . , z n \, \f\ < 2 dcs ^ + - +dcs ^v(f). In particular, for any 
numbers M and any non-negative integers di, . . . ,d n , the set 

{/ G Z[ Zl , ... ,z n }\ v(f) < M, de gi (/) < di (i = 1, . . . , n)} 

is finite. 

Proof. First, let us consider the case n — 1. By straightforward calculations together with 
Jensen's formula, we can see that v(z — a) = a/1 + \a\ 2 for all a G C. Thus, if we set f(z) = 
c(z — ax) ■ ■ ■ (z — a d ), then v(f) = \c\y/i. + |ai| 2 • • • a/1 + \ad\ 2 . Therefore, we can easily see 
that |/| <2 d v(f). 

In general, we will prove this lemma by induction on n. We set 

/ = a (z 2 , . . . ,z n )zf 1 + ai(z 2 , . . . ,z„)zi 1_1 H h a dl (z 2 , . . . ,z n ), 

where d 1 = deg 1 (/). Then, by the case n — 1, 

max{|o i (c 2 , • • • , c n )|} < 2 dc *^> exp ( jf log(|/(*i, c 2 , • • • , c„)|)u;^ . 

for all (c 2 , . . . , c n ) G C™ _1 . Thus, by hypothesis of induction, 

log(u(/))= / ( / log(|/(^i, . . . , z n )\)iOi J w 2 A ■ • ■ A w„ 
JC"- 1 \Jc J 

> -log(2)deg 1 (/) + max / logfla^, . . . , z n )\)u 2 A • • • A u n 

> - log(2) degi(/) - log(2)(deg 2 (/) + • • • + deg n (/)) + max log |ai| 
= - log(2)(de gl (/) + • • • + deg n (/)) + log(|/|). 

Therefore, we get our lemma. □ 

Next let us consider the following lemma. 

Lemma 4.2. Let B = (P^) d and H = p*(((9 P (l), || • || FS )) <g> • • • <g> p*((£> P (l), || • || F5 )), w/?ere Pi 
Z5 the projection to the i-th factor. Then, for any numbers M, the set 

{P G ¥ n (Q(zi, ■■■ ,z d )) | h% v (P) < M} 
is finite, where B = (B; H, . . . , H) is a polarization given by H. 

Proof. Let L±, . . . ,L d be C7°°-hermitian line bundles on P|. We set L — p\(Li)<g> ■ ■ -®p d {L d ). 

Let Aqo be the closure of oo G Pq in ¥\. We set AS = p*(Aoo). First of all, we claim the 
following: 
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Claim 4.2.1. 



deg(ci(L| 



d\ 



\ 



11 deg(L fc ) 



i<fc<d 



/ 



d\ 



/ 



i<i<rf 



\ 



II deg(L fc ) 



l<fc<d 



deg(ci(Lj 



/ 



For simplicity, we assume i = d. Since Aoo ~ Spec(Z), there is an isomorphism 

6:H xz- x.Pl A^ } . 



V 

(d — l)-times 



Let $ : (P^) ^ 1 -> P| be the projection to the i-th factor. Then, = q*{Li) for % = 

1, . . . , d - 1. Moreover, if we set c = exp(-deg(L d | A< J), then (f)*(p* d (L d )) = (£>, c\\ ■ \\ can ). We 

need to calculate deg(ci(0*(L| A ( d ))) d ). Since 



C!(^(L| .„))) = g^c^LO) + • • • + + (0, -2 log(c)), 



it is equal to 



E 



d\ 



aiH had=fi 



oi! • • -a d 



deg ( ?1 (c 1 (L 1 )) ai •••^_ 1 (c 1 (L d _ 1 )) ad - 1 • (0,-21og(c)D . 



Let us consider non-zero terms in the above equation. Clearly, a d must be or 1. If a d — 0, 
then one of a 1: . . . , a d _i is 2, and others are I. If a d = 1, then a! = • • • = a d _ x = 1. Thus, 
deg(ci(0*(X| A ( d) )) d ) is equal to 



2 ^ 

j'=i 



l<k<d-l 

V Mi 



\ 



/ 



deg(ci(Lj) 2 ) - d! log(c) deg(Li) • • • deg(L d _i). 



Therefore, we get our claim. 

Let us go back to the proof of our lemma. We fix a number c with < c < I. We set 

A = pI((Pp(1), II • IM) ® • • • ® P*(Cp, c|| • |U) ® ••• (8) pS((Pp(!)» II • M) 
Then, by the above claim, if we set 

d—1- 



then 



e = d! ( -log(c) + r_^deg(c 1 (C»(l), ||-|| F5 ) 2 ) ) , 



e if i = J , 
ift^j. 



deg (c"i(A| A 0)) 
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Moreover, since H is ample, there is a positive integer n such that H ® A i is effective for 
every i. Thus, by (5) of Proposition |3.3.7| , there are positive constants a and b such that h^* < 
ah^ v + b for all i, where B L is a polarization (5; Aj, . . . , At) given by Aj. We set 

S = {Pe ¥ n (Q(z u • • • , * d )) | hZ(P) < M} 

Then, for any P E S, h%*(P) < aM + b. Moreover, there are / , • • • , f n € Z[z x , - • • , z d ] such 
that fo, ■ ■ ■ , f n are relatively prime and P — (fo f n )- Here, 

= max{de gi (/ ), . . . , de gi (/ n )}e, 

because ci(Ai) Ad = and f , ■ ■ ■ , f n are relatively prime. Thus, there is a constant Mi indepen- 
dent on P such that deg i (/ J ) < Mi for all z, j. On the other hand, 

ht{P) = ^max{de & (/ ), . . . ,de gi (/ n )}d^ (c x (H\ A „) d ) 

i 

+ / logfmax^/il})^^. 

Hence, there is a constant M 2 independent on P such that 

/ logd^Dd^ < M 2 

J(¥ 1 ) d 

for all z. Thus, by Lemma fOj , we have only finitely many /j's as above. □ 

Theorem 4.3. Let K be a finitely generated field over Q with tr. deg^K) = d, and B = 
(B; Hi, . . . , Hd) a big polarization of K, i.e., Hi's are nef and big. Let X be a projective va- 
riety over K, and L an ample line bundle on X. Then, for any numbers M and any positive 
integers e, the set 

{P e X(K) | hf (P) < M, [K(P) : K] < e} 

is finite. 

Proof. We set B = (P* ) d and H = pj((0(l), \\ ■ \\ FS )) ® • • • <g> p* d ((<D(l), \\ ■ \\ FS ))). 

Claim 4.3.1. If B = B , H = Hi = ■ ■ ■ = H d and e = 1, then the theorem holds. 

If m is sufficiently large, then we have an embedding X >• P n by L® m . Thus, we may assume 
(X, L) = (Pq (jb1 j2d) , O(l)). Hence, this claim follows from Lemma [Eg , 

Claim 4.3.2. To prove the theorem, we may assume that B = B and H = Hi = ■ ■ ■ = Hd- 

As in the previous claim, we may assume (X, L) = (P^, 0{1)). Since tr. deg Q (X) = d, K 
contains Q(z x , ... , Zd), which means that there is a rational map B — - > B . Thus, replacing B by 
the graph of B -~> f? , we may assume that there is a generically finite morphism p : B — ► £? . 
Then, since iJ/s are big, by Proposition [Z2|, there are positive integers n x , . . . , n d such that iff ™ l ® 
P*(Hq)®~ 1 is effective for every z. Thus, using (5) of Proposition 

ah^' Hl ''"' Hd ' + 6 for some positive constants a and 6. Hence, we may assume that Hi = ■ ■ ■ = 
Hd = H>*{Ho). Therefore, our claim follows from Proposition |3.3.1| . 



3.3.7, h 



< 
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Claim 4.3.3. In order to prove our theorem, we may assume that e = 1. 
It is sufficient to show that the set 

{P E X(K) | /if (P) < M, [K(P) : K] = e} 

is finite for any numbers M and any integers e > 1. Let (X, C) be a C°° -model of (X, L). Let 
P be a point of X(K) with hf(P) < M and [K(P) : K) = e. Let {a x , . . . , crj be the set of all 

embeddings of K{P) into P. Let Pi G X(P) be a point given by Spec(P) Spec(P(P)) 
X, and let Ap^ be the closure of Pj in A\ Then, we have Ap = Ap i for all i Let y be the main 
component of X x B ■ ■ ■ x B X, and Ai = p\(C) ® ■ ■ ■ ® P* e {£), where p, is the projection to the 

e-times 

i-th factor. Moreover, let / : X — > B and /' : y — ► B be the canonical morphism. Then, using the 
projection formula, 



deg ((/' )*(c 1 (P 1 ) • • -^(P,)) • ci(A<) • (A (ft ,... >Pe) , 0)) 



(y ^ )V deg(A ( p 1 ,... i p e) ^P) 

ZUteg&riMHi) ■ ■ ■c 1 (H d ))-p*c 1 (C) ■ (A^.^O)) 
deg(A (Pl) ... i p e) -> P) 

E- = i deg(A ( p 1 ,...,p e) - Apjdii (/* (^(PO • ■ ■ C!(P d )) ■ C!(Z) • (Ap, 0)) 



deg(A (Pl) ... ) p e ) -> P) 



ehf x , c) (P). 



Let p : X e —> Z = X e /& e be the quotient of X e by the symmetric group (5 e . Since M = A^x 
is invariant under the action of & e , there is a line bundle N on Z with p*(N) = M. Thus, 
p*(/4) = /^__ +0(1). Hence, 

^(p(Px, . . . , P e )) < ehj (P) + C7 < eM + C7 

for some constant C independent on P. Moreover, p(Pi, . . . , P e ) is defined over P. Thus, if our 
theorem holds for the case e = 1, there are finitely many p(P±, . . . , P e ) with 

hJ(p(P h ... ,P e )) <eM + C. 

Here the number of the fiber of p is e! at most. Hence, we have our claim. 

Let us start the proof of the theorem. First, by Claim |4.3.2| , we may assume B = B and 
P = Pi = ■ ■ • = H d . Thus, Claim |4.3.1| and Claim |4.3.3| implies our theorem. □ 



5. ESTIMATE OF HEIGHT FUNCTIONS IN TERMS OF INTERSECTION NUMBERS 

Let K be a finitely generated field over Q with d = tr. degQ(P), P an arithmetic model of K, 
and let P be a nef C°° hermitian Q-line bundles on P. Let P = (P; P, . . . , P) be a polarization 
of K given by P. Let X be an e-dimensional projective variety over K, and L a line bundle on X. 
Let (A', £) be a C7°°-model of (X, L), and 7r : ^ — ► P the canonical morphism. The purpose of 
this section is to prove the following theorem. 
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Theorem 5.1. We assume that deg(ci(i?) d+1 ) = 0, and that, for some rational number a, C 
an*(H) is vertically nef and (£ + an*(H))Q is ample on Xq. Then, we have the following. 

(1) Ifdeg(c 1 (C) e+1 -ci(7r*(i7)) d ) > 0, then 



sup < inf _ hf xT Ax) > > 0, 

YCX {xe(X\Y)(K) { ' L -> J 



where Y runs over all proper closed subsets of X. 
(2) If deg( Hi) > and inf hf yT Ax) > 0, then 

di(c 1 (£) e+1 -c 1 (vr*(^)) d )>0. 

Proof. (1) Since deg(ci(H) d+1 ) = 0, by virtue of the projection formula (cf. (1) and (2) of 
Proposition |L3[), we can easily see that 

- = - 

and 

d^(c 1 (£) e+1 • di(7r*(H)) d ) = dig ((cl(Z + m^(H)) e+1 ■ c x {^{H)) d ) . 
Thus, we may assume that C is vertically nef and Cq is ample on Bq because 

Z + rmr*(H) =Z+an*(H) + (m — a)n*(H). 

Moreover, since 

dig ((ci(Z) + mc 1 (7r*(H))Y +d+1 ) = + * + ^de^ (c 1 (C) e+1 ■ c 1 (^*(H)) d ) m d + O^" 1 ), 

we may further assume that deg(ci(£) e+a!+1 ) > 0. Thus, by Theorem [P] , for a sufficiently large 
integer n, there is a non-zero section s of H°(X, C® n ) with ||s|| sup < 1. We set Y = (div(s))^-. 
Then, for any x G {X \ Y) (K) , 



Here, div(V 



is effective, and 7r*(i7) is nef. Thus, by (2) of Proposition jO[ we have 



hf x Z) (x) > for all a; G (X \ F ) (tf) . 



(2) The proof of (2) is very similar to Q14] , Lemma 5.4], or Lemma [24[ First of all, we need the 
following two claims. 

Claim 5.1.1. Let u : y ^ B be a surjective morphism of projective arithmetic varieties, and 
let L\ and Li be C°°-hermitian Q-line bundles on y such that C± and £2 are vertically nef, and 
that (£i)q and (£2)0 are ample on y<q. Let us fix an integer s with < s < dim(y/B), where 
dim(y/ B) is the dimension of the generic fiber ofy — > B. We assume the following: 

(a) deg (ci(£i| r ) s+1 • ci(u*(H)\ r ) d ) > Ofor any integral subschemes T on y with i/(T) = B 
and dim(r/£>) = s. 
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(b) ckg(ci(£ 2 | r ) dim(r/B)+1 • ci(z/*(IT)| r ) d ) > Ofor any integral subschemesT ony with v(T) = 
B. 

Then, dig (c l (C 1 ) s+1 ■ c 1 (Z 2 ) dim( - y/B) ~ s ■ c x {v*{H)) d ) > 0. 

Proof. We prove this claim by induction on dim(y / B). If s = dim(y/B), men our assertion 
is trivial. Hence we may assume that dim(y / B) > s. Since 

deg(c 1 (jC 2 ) dim(y/B)+1 ■c 1 (v*(H)) d ) > 0, 
in the same way as the proof of (1), 

dim(y/B)+d+l\ 



deg ((MC*) +mMv%H))) ' * ' ) > 

for a sufficiently large m. Thus, by Theorem OL for a sufficiently large integer n, there is a 
non-zero section s of H°(X,n(C 2 + mu*{H)))) with ||s|| sup < 1. Let div(s) = ^ ajTj be the 
irreducible decomposition as cycles. Since deg (ci(H) d+1 ) = 0, we have 

dei (ci(Zi) s+1 ■ c 1 (£ 2 ) dim ^/ B )- s ■ Mv*(H)) d ) = 

dei (^(A)^ 1 ■ c 1 (C 2 ) di ^ y ^- s - 1 ■ c 1 (C 2 + mv*(H)) ■ c 1 (^(^)) d ) , 

which implies that 

ndei (ci(A) s+1 • ci(£ 2 ) dim(y/B) - s • c l {u*(H)) d ) = 

J2 a *^g (c 1 (C l \ r Y +1 ■ c 1 (C 2 \ Ti ) dim ^- a - 1 • C!(z/*(F)| r /) 

i 

+ [ (- log || S || sup )c 1 (£ 1 ) As+1 A Cl (C 2 r di ^y^- s - 1 A Cl (^(F)) Arf 
Thus, by Lemma |2~3|, it is sufficient to show 



(5.1.2) deg(c 1 (£ 1 | r ^ +1 -c 1 (£ 2 | ri ) dim W B )- s - 1 -c 1 (^(i?)| ri ) <i ) >0 

for all i. 

If Tj maps surjectively to B, then, by hypothesis of induction, we can see ( p. 1 .2| ). Thus, we 
assume that I\ dose not map surjectively to B. Let T be the generic fiber of Tj — > ^(r^). Since 
dim T > e, we can see 

dei (c 1 (Z 1 | r / +1 • c l {X 2 \ ri )^ /B) -'- 1 ■ M^iH^Y) 

'deg(A| T +1 • C^^-^iMHl^Y) if dimT = d\m{y / B) 
if dimT > dim(y/B). 

Here £i and £ 2 are vertically nef and H is nef. Thus, by the above formula, we have ( |5.1.2[ ) even 
if Ti dose not map surjectively to B. □ 

Claim 5.1.3. Ifdeg(H^) > 0, then there is an ample C°° -hermitian line bundle M. on X such 
that 

dei ( ci(AT| r ) dim{r/B)+1 ■ c 1 (7r*(H)\ r ) d ) > 
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for any integral subschemes V on X with 7r(T) = B. 

Proof. Let J7 be an ample C°°-hermitian line bundle on X, and let || • || be the metric of H. For 
a positive number c with < c < 1, we set A = (H, c\\ ■ ||). Then, since deg(Ho) > 0, we can 

see that deg(ci(A) • Ci(IF) d ) > 0. Let T be a subscheme of X with tt(T) = B. Then, by (1) of 
Proposition 



d^ ( cUAT^y ■ c 1 (7r*(A)| r ) dim ( r / B )+ 1 - i ■ cxU*^)!^) > 
for all < i < dim(T/B) + 1. Further, 

dig ( c 1 (Af\ r )«**Cr/fl) . c x (vr* ( A) | r ) • c x ( vr* (H) \ T ) d ) 

= deg((A^) dim ( r / B ))d^(c 1 (A) • c^Hf) > 0, 

where r] means the restriction to the generic fiber of Y — > B. Thus, if we set Ai =J7+ it* (A), 
then we have the desired hermitian line bundle. □ 



Let us go back to the proof of (2). We prove (2) by induction on e. If e = 0, then the assertion 
is trivial. Thus, we assume e > 0. 

In the same way as in the proof of (1), we may assume that C is vertically nef and Cq is ample 



on Xq. By Claim |5.1.3| , there is an ample C°°-hermitian line bundle M. on X such that 

dii(c 1 (A?| r ) dim(r/ ' B)+1 ■c 1 {Tr*(H)\ r ) d ) > 
for any integral subschemes r on X with n(T) = B. Thus, by hypothesis of induction and 



Claim pTTTT] , for any integral subschemes r on X with 7r(T) = B and dim(r/i?) < e, 

(5.1.4) dig ((ci(£| r ) +tc 1 (AT| r )) dim(r/B)+1 • c 1 (**(H)\ r ) d ) > 
for all t > 0. Moreover, we can see 

(5.1.5) dig (c 1 (Z) e+1 - i ■ c.iMY ■ c 1 (n*(H)) d ) > 
for all 1 < i < e + 1. We set 

Pit) = dig ((ci(£) +tc 1 (M)) e+1 ■c 1 ('K*(H)) dS j 

Here we claim the following. 

Claim 5.1.6. Ift > and P(t) > 0, then P(t) > t e+1 dlg (c 1 (M) e+1 ■ c^n* (H)) d ) . 

Clearly we may assume that t is a rational number. For simplicity, we set ~JJ = C + tM. Then, 
by ( |5T4D and P(t) > 0, we have 

a^i(c 1 (AT| r ) dim ( r / B ) +1 ■c 1 (n*(H)\ r ) d ) > 

for any integral subschemes r on X with 7r(r) = B. Thus, by using Claim |5Tl~Tl and the assump- 
tion inf hf yT Ax) > 0, we obtain deg (cUC) ■ ciChfY ■ ci(tt*(H))) > 0. Therefore, by using 

XGX(K) 1 ' ' 
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( gxgp , 

P(t) = dig ((c x (Z) + tc^M)) • C!(AT) e • ?x(n*(H)) d ) 
> ttei (cxiM) • c 1 (AT) e • M^iH)) 4 ) 
>t £+1 dlg (c 1 (M) e+1 -c 1 (7r*(H)) d ). 

Thus, we get the claim. 

Let t = max{t E M. \ P(t) = 0}. We assume t > 0. Then, by the above claim, for any t > t , 

P{t) > t e+1 teg (c 1 (M) e+1 ■ ci(7r*(^)) d ) . 

Thus, taking t — > t , 

= P(t ) > t e +1 dlg {c 1 (M) e+l ■ c 1 (n*(H)) d ) > 0. 

This is a contradiction. Therefore, t < 0. In particular, -P(O) > 0, which is nothing more than the 
assertion of (2). □ 

As corollary, we have the following generalization of JT4], Theorem (5.2)]. 



Corollary 5.2. We assume that deg(ci(if ) d+1 ) = 0, deg(Ho) > 0, and that, for some rational 
number a, £ + an*(H) is vertically nef and (£ + a7r*(if ))q is ample on Xq. Then we have the 
following inequalities: 



. ,t, i deg (ci (C 6+1 • ci (rr* (H )) d ) tt 

sup ^ inf hf yT Ax) \> , , , t4 \ > inf hf yT Ax). 
rex \ x e(x\Y)(K) ^ K V - (e + 1) deg(£f, ) " x& x(E) ^ K ' 

Proof. Let c be a real number with < c < 1. We set A = (if, c\\ ■ ||), where || ■ || is the metric 
of H. Then, 

because deg(-£/Q) > 0. Let A be an arbitrary rational number with 

(e + 1) deg(£.%j&£ (MA) ■ c 1 (H) d ) ' 

Then, it is easy to see that 

dig ((ci(Z) - Xc 1 (7T*(A))) e+1 ■ c 1 (7r*(H)) d ) > 0. 

Here, note that 

Z - Att* (A) + (a + A)tt* (#) = Z + Att* (# - A) + an* (H) 
is vertically nef and ample on Xq because ci(H) = C\(A). Thus, applying (1) of Theorem |5J], 



sup < inf hf yT . *,-x^(x) > > 0, 



which implies 

sup < inf _ h fx t 

YCX [xe(X\Y)(K) ( ' L -> 



sup <J inf _ hf xT) (x) \ > Adeg(ci(A) ■ ci(#) d ). 
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Thus, we get 
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sup <J inf _ h^ Z) (x) )■ > 



deg(c!(£) e+1 -c^iH))^ 



yc^x Ue(x\Y)(K) ^ v >\ - (e + l)deg(£^) 
Next let fj, be an arbitrary rational number with 



deg(ci(A).ci(iT)**) 
Then, 

inf /if v7 r */ir^(x) > 0. 



Thus, by (2) of Theorem pTT] , 



d^g ((ci(£) - ^Ci(7T*(A))) e+1 • > 0, 

which says us that 

dej {c 1 (C) e+1 ■ c^CH)) 4 ) > /i(e + 1) deg(£^)dii(c 1 (3) • c l (H) d ). 
Hence, we get the second inequality. □ 



6. Equidistribution theorem over finitely generated fields 

Let K be a finitely generated field over Q with d = tr. degq(K), B an arithmetic model of K, 
and let H be a nef C°° hermitian Q-line bundles on B. Let £> = (B;H,... , if) be a polarization of 
K given by f/\ Let X be an e-dimensional projective variety over K. Let {x m }„ =1 be a sequence 
of elements of X(K). We say {x m } is generic if any subsequences of {x m } are not contained in 
any proper closed subsets of X(K). 

Let L be a line bundle on X. Let (A", £) be a C°° -model of (X, L), and n : X — > the canonical 
morphism. Then, we have the following equidistribution theorem, which is a generalization of 
Szpiro-Ullmo-Zhang's result (cf. [0, |J3p and [[Bp). 

Theorem 6.1. Le? /i : X(K) ^ M. be a representative of the class of height functions associated 
with L and B, and let (X n , £ n ) be a sequence of C 00 -models of (X, L) over B. We assume the 
following. 

(1) deg(ci{H) d+1 ) = anddeg(H^) > 0. 

(2) h(x) > for all x e X(K). 

(3) There is a Zariski open set U of B such that (X n )u = Xu for all n. 

(4) svv X £x(k) \h(x) — h^ x -£ ,(a;)| converges to as n tends to oo. 

(5) For n ^> 0, £ n is vertically nef and (£„)q is ample on (X n )q. 

(6) There are a connected open set WofU (C) (in the topology as analytic spaces) and a positive 
C°°-formuj on 7r -1 (VF) such that ci(£ n ) = u on ■n~ 1 (W)forn > 0. 
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Let {x m } be a generic sequence in X{K) with lim™-^ h(x m ) = 0. Then, over 7r _1 (VF), we have 
the following weak convergence 



SA Xm An*( Cl (H)) 



Ad 



m-*oo deg(A Xm -> B) 
as currents. 



lim Xm v v " - y n ;; 



deg(L e ) 



Proof. Let / be a real valued C°° -function on it 1 (W) with compact support. We need to 
show that 



lim 



L-HW) /<*A, m A T^MgT _ l- 1(vy) A 7T*( Cl (g))^ 

deg(A a;m - 5) deg(L e ) 



Let be the Frobenius map given by the complex conjugation. We set W — W U F^W). 
Then, since C n is invariant under F^, there is a positive form uo' on 7r -1 (W) with Ci(C n ) = uo' on 

7r _1 ( W) for n»0. Moreover, since A Xm , uo' and Ci(if) are compatible with the action induced 

f _|_ p* (j\ 

by Foo, we can see that if we set /' = ^ (which is invariant under F^), then 



[ f8 Axm A n*( Cl (H)r d = ! f'5 Axm A n*( Cl (H)) Ad 

Jtt- 1 (W) Jtt- 1 (W) 

and 



/ fu Ae A7r*( Cl (H)) d = [ f'oj' Ae An*( Cl (H)r d . 

Jtt- 1 {W) Jtv- 1 (W) 



Thus, it is sufficient to see that 



lim — 



m^oo 



deg(A Xm -> 5) deg(L e 



First of all, there is a positive number A such that for all A with |A| < A , uo' + \dd c (f) is 
semipositive on ir^CW'). Let O n (Xf) be the hermitian line bundle for Ox n such that the length of 
1 at each point is given by exp(— A/'). Note that since the closure of {x G 7r _1 (W') | f'(x) ^ 0} 
is contained in tt^ 1 (W') C A" n (C), we may view /' as a C°°-function on Af n (C). Here, we set 

= C n <g> O n (\f ). Then, by our construction, £^ is vertically nef and ample on (A^q for 
n>0. Moreover, 

fc « Z*^ x ) = h J* c )(*) + a — 7a~ m / f 6 ^ A «*( c i(H)) Ad 

(x n ,c„) (*n,L n ) deg(A x -> 5) J w -i( W ,) 

and 

(e + l)deg(L e ) (e + l)deg(L e ) 

/ /V Ae A 7 r*(c 1 (F))^ + 0(A 2 ), 
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where A^ is the closure of x in X n , and the term 0(A 2 ) is independent on n. Let e be an arbitrary 
positive number. Then, there is a positive integer n\ such that, for all n>n\, 

h — e < hf v -r n < h + e. 

On the other hand, since {x rn } is generic, if n 3> 0, by Corollary ^2| , we can see 



^ m ' - (e + l)deg(L e ) 

> inf (x) + —t— [ /V Ae Avr*( Cl (F)) Ad + 0(A 2 ), 

deg(L e ) 7^-1^ 

which implies 

e + Ahmmf ^— — — — > -e + A — — — + 0(A 2 ) 

deg(A Xm ^B) deg(L e ) 

Thus, 

Ahmmf i — '- — — — > A 1 — '- — — h 0{Y). 

deg(A Xm ^B) deg(L e ) 

Therefore, taking A — ► 0, we obtain 

r . f J n - 1{wl) f'5 A , m A K*{ Cl {H)T d ^ L- Hw/) A rr*( Cl (H)r 

hm mi — — —7 > 



deg(A Xm ^B) deg(L e ) 
The above inequality still holds even if we replace /' by — /'. Thus, 

L- H w>) f' 5 ^ m A ^ L- H w) f'^ e A rr*( Cl (H)r d 

hmsup — - — — — < — — — . 

deg(A x . m -+B) ~ deg(L e ) 

Therefore, 

lim — = — . 

m->oo deg(A Xm -> B) deg(L e ) 

□ 



7. Construction of the canonical height in terms of Arakelov Geometry 

Let K be a finitely generated field over Q with d = tr. degq(K), B an arithmetic model of K, 
and let H be a nef C°° hermitian Q-line bundles on B. Let B = (B;H,... , H) be a polarization 
of K given by H. We assume that deg(ci(H) d+1 ) = and deg^Hq) > 0. Let A be an abelian 
variety over K of dimension g. Let us fix a projective embedding l : A ^ P^, so that we 
have a new embedding i' : A -> P^ x K P^ given by t'(x) = (l(x),l([-1](x))). Then, L = 
l'*(pI(0(1)) (g> ^2(^(1))) i s ample and symmetric, where p i is the projection to the i-th factor. In 
this section, we would like to show the following proposition. 

Proposition 7.1. There is a sequence of C°° -models (A n , C n ) of {A, L) with the following prop- 
erties: 
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(1) There is a Zariski open set U of B such that (A n )u = {A\)u for all n, and that (Ai)u U 
is an abelian scheme over U. 

(2) Ifn is sufficiently large, then C n is ample and C n is vertically nef. 

(3) lim sup \hf(x) - hf. T Ax)\ = 0. 

xeA(K) 

(4) There are a connected open set W ofU(C), and a positive C°°-form uj on (A\)w such that 
W is non-singular, C\(H) is positive on W, and that c\(C n ) = uj on (A\)w for all n ^> 0. 

Proof. Let A be the closure of t\A) in P^ x B Pg, and C = p\{0(\)) <g> p* 2 (0{l))\ A . Then, 
Ak = A, L = C K is ample and symmetric, and C is 7r-ample, where n : A — > B is the canonical 
morphism. Replacing C by C <g> n*(Q) for some ample line bundle Q on B, we may assume that 
C is ample on A. Let U be a Zariski open set of B such that Au — > £7 is an abelian scheme and 
[— = £(7 over Au- Shrinking U if necessarily, we may assume that [2]*(£[/) = Cfj- 4 . Let 
||-||o be a hermitian metric of £ such that ci(£, ||-|| ) is positive on ^4(C). We would like to slightly 
change || • || on A(C). Let : A(C) — > .4(C) be the Frobenius map given by the complex 
conjugation. Since deg(Ho) = J b ,q ci(H) Ad > and Ci(H) is semipositive, we can find a small 

open set W\ of U(C) in the classical topology such that W\ is non-singular, C\(H) is positive on 
W\ and W\ fl F^Wi) = 0. Here, we give a C°° -family of cubic metrics || ■ ||' cm6 of C Wl over W±. 
Then, there is a positive -function p on Wj with [2]*(£ Wl , || • ||' cu6 ) = p(|| • |L fe ) 04 )- If we 

set || • || cu6 = p 1/3 || • ||' cub , then [2]*(C Wl , \\ ■ \\ cub ) = (C Wl , \\ ■ || cub ) 04 . Let us choose open sets W 3 
and W 2 with W 3 m W 2 m W v We also choose a C°° function on B(C) such that < < 1, 
<f> = 1 on W3 and = on 5(C) \ W^. Let a be a positive C°° -function on 7r _1 (Wi) given by the 
equation || ■ \\ cu b = a\\ ■ 1 1 - Here we set || • ||i = a 71 "*^!) • 1 1 - Then, || • ||i gives rise to a C°° -metric of 
C, which coincides with || ■ || on 7r _1 (.B(C) \ W2). Here we claim the following. 

Claim 7.1.1. For any e > 0, there is a positive integer n such that, for all n > no, 

2- 2 "([2]T(ci(£JJi)) W( Cl (tf)) 

is positive on Aw 2 - 

Note that the relative tangent bundle T^ w /w 2 is a vector subbundle of the tangent bundle T^ w . 
Let uj and uj' be the restriction of ci(C, \\ ■ \\ cu b) and ci(£, || ■ ||o) to T Aw /w 2 - Then, uj and uj' are 
positive hermitian form on T^ w / W2 . Thus, since W 2 is compact, there is a real number A such that 
< A < 1 and uj' — \uj is positive on T^ w / W2 . To see our claim, clearly we may assume that 

W 2 = O rf = {(t 1; . . . G C d I |^| < 1}. 

Let p : C 9 x D d — > A d be the universal covering of A d such that p is a morphism over D d , and 
/i is a homomorphism on each fiber over D d . Let (z±, ■ • • , z 9 ) be a coordinate of C 9 . Then, 
and p*(uj') can be written by the forms 

where 6^(2, t)'s are bounded C°° -functions. Moreover, we set 

Ai = //*(ci(£, IHIcu^)) 
A 2 = ^(ci(A||-||o))-A*V) 

a 3 = ||- HO) - (tt ./i)*(0V*( Cl (A IHU)) - (1 - (tt .//)*(0)K( Cl (A ||-||o)). 



30 ATSUSHI MORIWAKI 

Then, it is easy to see that each Ai's can written by the form 

^ c ik (z, t)dzi Adi k + ^2 c 'ij( z > ^ dtl A dz i + c " fc ^' ^ dtl A ^k, 

ik Ij Ik 

where c ik 's, c^'s and c^'s are bounded C°° -functions. Here let us see that 2~ 2n [2 n ]*(Ai) (i = 
1, 2, 3) converges uniformly to 0. Indeed, 

2- 2n [2 n }* I c ik( z , t) dz i Adi k + Y^ c 'ij( z > A d *j + Yl c "k( z ' A d ** 

\ ife ifc 

2- n c ife (2 n z, A dt k + ^ 2- n c ; j (2 n 2, A dzj + ^ 2 _2n c{' fc (2 n ;s, i)tft, A dt fc 

ife ij Ik 

Thus, we have our assertion because c ik 's, c^'s and c" k 's are bounded. 

Next, we try to see that A x = 0. For, 2- 2n [2 n ]*(/j,*(c 1 (C, ||-|Lb))) = A**( c i(A IHLb)) for all n, 
which shows us that 2~ 2n [2 n ]*(uj) = uj and 2- 2n [2 n ]*(A 1 ) = A 1 . Hence, A 1 must be zero. 

Thus, if we set A = (1 - (vr • /i)*(0))A 2 + A 3 and 

C=(l-A)(7r- /iTOKM + (1 - (tt • W - Ac), 

then 

/i*( Cl (£, || - = A/i*(cu) + A + C 

and C is semipositive. Hence, 

2- 2 "[2"]*(^( Cl (A||-||l)))+6(7T. / ,)*(c 1 (F)) = 

X/i*(u) + e(7r • n)*( Cl (H)) + 2- 2n [2 n ]*(A) + 2~ 2n [2 n ]*(C). 

On the other hand, \fi*(uj) + e(ir ■ fj,)*(ci(H)) is positive and 2~ 2n [2 n ]*(A) converges uniformly to 
0. Thus, 

A//(cu) + e(7r • /i)*( Cl (F)) + 2- 2n [2T(^4) 

is positive if n is sufficiently large. Hence we get our claim. 

To get an invariant metric || • || under F^, over F^iWi), we replace || • || by F^(|| • ||i). In this 
way, we have a hermitian line bundle C = (£, || ■ ||) with the following properties: 

(a) Cl (C) is positive over A(C) \ -k~ 1 {W 2 U F 00 (W 2 )). 

(b) For any e > 0, there is a positive number n such that, for all n > n , 

2- 2n ([2] n y(c l (C)) + en*c l (H) 

is positive on 7r -1 (W 2 U F 00 (W 2 )). 

(c) 2" 2n ([2] n )*ci(£) = ci(Z) on W for all n, where W = W 3 . 



Let f n : An — > A be the normalization of 
Then, by projection formula, 



[21 n 

Au ^ A v ^ A. 



h (A n ,f*(C))( X ) ~ ^cW 2 ™ 3 ^ 
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for all x G A{K). Thus, if we set d n = 2~ 2n /*(£), then, 



Therefore, 



Moreover, 



lim sup |/if (x) — /if^ = 0. 



for any positive rational number e, where n n : A n — > S is the canonical morphism. Thus, if we set 
= + 7T*(-ff), then a sequence of models (^4 n , £ n ) satisfies our desired properties. □ 

8. BOGOMOLOV'S CONJECTURE OVER FINITELY GENERATED FIELDS 

Let K be a finitely generated field over Q with <i = tr. degQ(K), and -B = (B; Hi, . . . , Hd) a 
polarization of K. Let A be an abelian variety over K. In this section, we would like to prove the 
following theorem, which is a generalization of results due to Ullmo [|T3p and Zhang [JT3|]. 

Theorem 8.1. Let X be a subvariety of A-^, and L a symmetric ample line bundle on A. We 
assume that B is big, i.e., Hi 's are nef and big. If the set 

{x G X(K) | hf(x) < e} 

is Zariski dense in X for any e > 0, then X is a translation of an abelian subvariety of by a 
torsion point. 

Proof. First of all, note that in order to prove our theorem, we can replace the field K by a 
finite extension of K if it is necessary. 
We set 

G(X) = {a G A{K) \a + X = X}. 

First, let us consider the case where G(X) is trivial. In this case, we need to show that there is a 
torsion point x of A with X = {x}. For this purpose, it is sufficient to show that dim X = 0. For, 
if we set X = {x}, then hf (x) = 0. Thus, x is a torsion point by Proposition p .4.1 . 

From now on, we assume that dimX > 1. Changing K by a finite extension of K, if nec- 
essarily, by Proposition PXTL we may assume that there is a C7°°-hermitian line bundle H with 
deg{ci(H ) d+1 ) = and deg((# )Q) > 0. Let B Q = (B; H , . . . ,H ) be a polarization of 
K given by H . Then, by virtue of (3) of Proposition [3.4.2| , there is a positive constant a with 
hf < ahf. Thus, the set 

{x G X(K) | hf°{x) < e} 

is Zariski dense for any e > 0. Therefore, we will try to find a contradiction using hypotheses: 

(a) G(X) = {0}. 

(b) dimX > 1. 

(c) The set {x G X(K) \ h^°(x) < e} is Zariski dense for any e > 0. 
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Here we consider a morphism 



• A m — » A m ~ l 



given by m (xi, . . . , x m ) = (x x - x 2 , x 2 - x 3 , . . . , x m _i - x m ). Then, since G(X) = {0}, in 
the same way as the proof of [[T5|, Lemma 3.1], we can see that if m is sufficiently large, then (f) m 
induces a birational morphism X m — > (f) m (X m ). Considering a finite extension of K, we may 
assume that X is defined over K, and that m induces a birational morphism X m — > <p m (X m ) 
over if. Here, if it is necessary, we change B by the polarization induced by the extension of K 
accordingly. 

We note that the above hypothesis (c) does not depend on the choice of the ample and symmetric 
line bundle L by virtue of (2) of Proposition p.4.2| . Hence, by Proposition [7TT| , there is a sequence 



of C°° -models (A n , C-n) of (A, L) with the following properties. 

(1) There is a Zariski open set U of B such that (A n )u = {A\)u for all n, and that (A\)u — > U 
is an abelian scheme over U . 

(2) If n is sufficiently large, then C n is ample and C n is vertically nef. 

(3) lim sup \hf°(x) - hf° A ( x ) \ = 0. 

(4) There are a connected open set W of U(C), and a positive C°°-form to on (A\)w such that 
W is non-singular, Cx(H ) is positive on W, and that Ci(£ n ) = on (.4.i)w for all n ^> 0. 

For simplicity, we denote .4.1 by A. Let *4. m (resp. A™) be the main component of 



Ax B ■ ■ ■ Xb A ( resp. A n x B ---x B A T 



m-times 



Let 7r m : A m — > £> and 7r,™ : ^4™ — > £> be the canonical projections. Let X m (resp. X™) be the 
closure of X rn in .4™ (resp. A™). Further, let ^ m (resp. y™) be the closure of <p m {X m ) in ^l™" 1 
(resp A™' 1 ). We set 



p = p*(£)®...®24(£) and Vl =pl{C n )®---®p* m {C n ) 1 

where pi is the projection to the i-th factor. Note that m extends to A™ — > A™~ . By abuse of 
notation, we denote this extension by <\> m . Then, <p m induces a birational morphism X™ — > y^. 
Let V and V be Zariski open sets of X™ and yjj respectively such that 4> m gives rise to an 
isomorphism V V. 

Since X has only countably many subvarieties over K, let {Yt}^ be the set of all proper 
subvarieties of X. By the hypothesis (c), we can find x t G X(K) such that x t G" Ij!=i ^ an d 
hf (x t ) < 1/1 Then, we have a generic sequence of X(i^) with lim hf°(x t ) = 0. Let 

us fix a bijection r : N — » N m . We denote (x^m, . . . ,x T r t \) G X' m by x T ( t ), where r(i) = 
(ti(£), . . . ,r m (t)). Since {x T (t)} is Zariski dense in X m , in the same way as before, we can 
find a generic subsequence of {x T ( t )}- Thus, we may assume that {x T (i)} is a generic sequence. 
Moreover, considering a subsequence of {x t }, we may further assume that x T i t \ G V^. Further, 

we can see that lim^ h%(x T ®) = and ^-i(0 m (x r(4) )) = 0, where P m = V% and P" 1 " 1 = 
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(WO n # 

(pj(w) + • • • + ?4(a;)) Aew A (7r m )*( Cl (^ ) A 0' 



deg ((PfUD 

where e = dimX. Moreover, if we denote a by the restriction of p\{oS) + ■ ■ • + p,^_ 1 (c<j) to 

(7r m _ 1 )- 1 (W0n;y m ,then 



lim 

t— >oo 



5a 



0m(z T ( t )) 



A(7T m -0*( Cl (i/o)) 



Ad 



deg(A 



<£m(z T (t)) 



where F m = ygJ. Note that on7n( 

5a M4) A(7T-)*( Cl (tf t 



7T 



m\-l 



5/ 



and 



Qi Aem A (7r TO -Q*(ci(go) Ad ) 

de g ((pr 1 | ym ) em ) 

A (tt— 0*(ca(^ o )) Ad 



deg(A :tV(t) - WO deg(A 0m( ^ (t)) - 

give rise to the same current via the isomorphism <p m : V V. Thus two limit C°°-forms 



(pl(w) + • • • + 24M) Aem A (vr m )*( Cl (i7 ) A 



and 



a Aem A(7r m -0*(ci(iy )' 



deg((P]?| xm ) em ) 
are same forms on V fl (7r m ) _1 (W / ). Hence we have 

(pj(«) + • ■ ■ +p;nr a (o*(ci(^ ) a o = c(c(« Aem )) a co-tew*) 

over (7r m ) _1 (W) H X m for some positive constant c. Let A" be the closure of X in A We choose 
a general point w of W 7 . Then, we can easily see that 



{p*M + ---+p* m ^)r m \ {Xw) 



, Aem\ 



because c\(Hq) is positive on W/\ where X w is the fiber of X — > £> over w. This is a contradiction 
because the left hand side is positive, but the right hand side is not positive along the diagonal of 

{X w ) m . 

Next let us consider a general case. Let [i : A-^ — > A' — Aj^/G(X) be the quotient of A-^ by 
G(X). We set X' = //(X). Then, it is easy to see that ^ 1 {X') = X and G(X') = {0}. Let V be 
a symmetric and ample line bundle on A'. Let K' be a finite extension field of K such that A', 
and L' are defined over K'. Let 5 be the polarization of K' induced by B. Since L is ample, by 
Proposition [Oj] and (2) of Propo sition |3 .4 . 2] , there is a positive number a such that h^*, L ,\ < ahf. 
Thus, 



{x G X(K) | < e/a} C {x E X{K) \ h^ {u) {x) < e} 

= /i" 1 (V G X'(X) | ^'(x') < e}) . 

Therefore, the set {x' G X'{K) \ hf, (x') < e} is Zariski dense in X' for any e > 0. Thus, by the 
previous observation, X' = {x 1 } for some torsion point x' of A'. Hence, X is a coset of G(X) 
because // _1 (X') = X. In particular, G(X) is an abelian subvariety. Thus, it is sufficient to show 
that there is a torsion point x of A with fj,(x) = x'. First, pick up x\ of A with \i{x\) = x'. Since x' 
is a torsion point, there is a positive number n with nxi G G(X). Here G(X) is a divisible group. 
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Thus, we can find x 2 G G(X) with nx\ = nx 2 . Hence, if we set x = x\ — x%, then we have a 
desired torsion point. □ 

As corollary, we can recover the following Raynaud's result ([H] and 



Corollary 8.2. Let A be an abelian variety over an algebraically closed field F of characteristic 
zero, and Z a reduced subscheme of A. Then, every irreducible component of the Zariski closure of 
Z(F) R A(F) tor in A is a translation of an abelian subvariety of A by a torsion point. Consequently, 
there are finitely many abelian subvarieties B\, . . . ,B n of A and torsion points b\, . . . ,b n ofA(F) 
such that 

n n 

Z(F) n A{F) tar = \J(Bi(F) + h) and Z(F)nA(F) tar = \J(B i (F) tar + b i ). 

i=l i=l 

Proof. Let X be an irreducible component of the Zariski closure of Z(F) C\A(F) tor in A. Then, 
it is easy to see that X(F) D A(F) tor is Zariski dense in X. Let K be a subfield of F such that K is 
a finitely generated field over Q, and that A and X are defined over K. Then, A(F) tor = A(K) tm .. 
Thus, we can see that X(K) fl A(K) tor is Zariski dense in X(K). Therefore, by Theorem |Q|, X 
is a translation of an abelian subvariety of A by a torsion point. □ 

Remark 8.3. We assume that tr. deg^fT) = 1. Then, as in the introduction, we have two types 
of heights h 9 ^ om and h a £ lth . Then, by virtue of (3) of Proposition |3.4.2| , there is a positive constant 



a with h 9 l° m < ah a p th . This means that Bogomolov's conjecture for the geometric height h 9 ^ om 
is a subtle problem. Actually, if the trace of A is not zero, the conjecture does not holds in general. 
(For example, take X as a non-torsion point P with h 9 ^ om (P) = 0.) However, we can expect 
the conjecture for h 9 ^ om if either the trace of A is zero, or X is a non-isotrivial curve and A is 
its jacobian. For example, in |J7p, the author gives an affirmative answer under the assumption of 
singular fibers on the stable model of X. 
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